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A Stochastic Analysis of the Holling Resilience of an Orchard
Abstract
Recently, Batabyal and Yoo (2007) have proposed a new probabilistic approach to orchard
management. In this approach, a manager minimizes an economic criterion function, namely, the
long run expected net cost of orchard management subject to an ecological constraint which says
that the probability that an orchard is not Holling resilient is at most as large as an exogenously
given value. In this note, we continue this line of inquiry and shed additional light on an orchard’s
Holling resilience. First, we model an orchard as a stochastic ecological-economic system. Second,
we compute this orchard’s Holling resilience in a general way. Finally, we study additional aspects
of the limiting behavior of our measure of the Holling resilience of the orchard under study.
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1. Introduction
The outcome of the deliberate planting of trees or shrubs that are then managed for food
production is often known as an orchard. Although most orchards consist of either fruit or nut trees
that are grown for commercial use, this is not always the case. In most parts of the world, frequently
consumed fruits such as apples, oranges, and peaches are usually grown on orchards. Following
Batabyal (1999) and Batabyal and Yoo (2007), from a management standpoint, it is salient to
recognize that the present and the future state of an orchard is defined by factors that are partially
economic and partially ecological in nature. The economic factors are pretty straightforward.
Orchards are generally the result of human actions that have been taken to further the commercial
and the non-commercial consumption of fruits and nuts. The ecological factors influencing orchards
include weeds, severe weather, and alien species. This discussion tells us that orchards are
fundamentally jointly determined, dynamic, and stochastic ecological-economic systems.4
Both commercial and non-commercial agricultural products are frequently obtained from
orchards. Therefore, the extant literature has analyzed different features of orchards. For instance,
Khushk and Smith (1996) have analyzed the consequences of mango orchardists in Sindh, Pakistan,
selling their harvesting rights to contractors. Davis et al. (1997) have demonstrated that the
variability in yields that is routinely encountered in peach production in the United States can be
diminished by expanding the distances between peach orchards. Park and Florkowski (2003) have
examined the effect that orchard conditions and other factors have on the decision to utilize new
varieties in peach production in the United States. Darroch et al. (2004) have investigated the effect
of alternate investment decisions on the profitability of apple orchard owners in South Africa.
4

Ecological-economic systems are sometimes also known as economy-environment systems.
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Florkowski and Sarmiento (2005) have studied the connection between the prices received by pecan
growers and the attributes of their orchards in the United States.
The studies that we have just commented on in the foregoing paragraph have definitely
raised our understanding of several aspects of orchard management. This notwithstanding, we wish
to stress the following two points. First, consistent with the contents of the first paragraph of this
section, it is important to understand that orchards are jointly determined ecological-economic
systems. Second, because orchards are stochastic ecological-economic systems, sustainable orchard
management is basically all about the management of uncertainty. Regrettably, the papers discussed
in the foregoing paragraph have not satisfactorily accounted for these two points in their analyses.
Very recently, Batabyal and Yoo (2007) have proposed a new probabilistic approach to
orchard management. In this approach, inter alia, a manager solves an optimization problem in
which an economic criterion function, namely, the long run expected net cost

of orchard

management is minimized subject to an ecological constraint which says that the probability that an
orchard is not Holling resilient5 is at most as large as an exogenously given value.
Our basic objective in this note is to continue this line of inquiry begun by Batabyal and Yoo
(2007) and thereby increase our understanding of the stochastic behavior of orchards as ecologicaleconomic systems. Specifically, we wish to shed additional light on the Holling resilience of an

5

Batabyal (2000a) and others have noted that the reaction of ecological-economic systems to perturbations is commonly measured
by the notion of resilience. Speaking in general, ecologists differentiate between two kinds of resilience, namely, resilience in the
sense of C.S. Holling and resilience in the sense of S.L. Pimm. Resilience in the sense of Pimm (1984) is concerned with measuring
the speed with which a stable ecological-economic system returns to its original state following a perturbation. In contrast, resilience
in the sense of Holling refers to “the amount of disturbance that can be sustained [by an ecological-economic system] before a change
in system control or structure occurs” (Holling et al., 1995, p. 50). This latter notion of resilience was first suggested in Holling
(1973). The Pimm notion of resilience is sometime referred to as “engineering resilience” and the Holling notion of resilience is
occasionally referred to as “ecological resilience.” In their recent paper, Batabyal and Yoo (2007) work with the notion of Holling
resilience. Since our objective in this note is to further the Batabyal and Yoo (2007) analysis of orchard management, we shall be
concerned with Holling resilience and not Pimm resilience.
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orchard. To this end, we first model an orchard as a stochastic ecological-economic system in
section 2.1. Then, we compute this orchard’s Holling resilience in a general way in section 2.2.
Next, we study additional aspects of the limiting behavior of our measure of the Holling resilience
of the orchard under study in section 2.3. Finally, in section 3, we conclude and we offer suggestions
for future research on the subject of this note.
2. The Theoretical Framework
2.1. An orchard as an ecological-economic system
Consider an orchard that consists of

independent, and for all practical purposes,

identical, trees. Owing to the occurrence of random events such as the presence of weeds, pest
infestations, and severe weather, the lifetimes of the trees in this orchard are stochastic and not
deterministic. If, for any reason, a tree in this orchard dies then—consistent with the approach
followed in Batabyal and Yoo (2007)—the orchard manager replaces this dead tree with a new live
tree. We suppose that both the lifetimes and the replacement times of the trees in this orchard can
be described by sequences of independent and identically distributed random variables. Further, to
keep the subsequent mathematical analysis tractable, we also suppose that these two sequences of
random variables are independent of each other. Because we are talking about tree lifetimes, it makes
sense to assume that the individual tree lifetimes have a positive density function on some interval.
Finally, let us denote the average lifetime of a tree by
by

and the average replacement time of a tree

The reader should note that we have not imposed any specific functional forms on the

sequences of the random variables that characterize the lifetimes and the replacement times of the
trees in our orchard.
Batabyal and Yoo (2007) argue that at any particular point in time, the orchard under study
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is Holling resilient, i.e., it is able to provide the orchard manager with a stream of a consumption
good such as peaches (this is the economic dimension of this ecological-economic system) and it
is also able to endure disturbances without giving up its systemic structure (this is the ecological
dimension of this ecological-economic system) only if at least

trees are alive. As

Batabyal and Yoo (2007) point out, even when the orchard under study is not Holling resilient, i.e.,
it is unable to provide the manager with the germane consumption good and unable to endure
disturbances without giving up its systemic structure, some trees in this orchard will continue to be
alive.
Several researchers such as Krebs (1985), Neubert and Caswell (1997), Batabyal and Beladi
(1999), Batabyal (2000a, 2000b), and most recently Batabyal and Yoo (2007), have mathematically
conceptualized the notion of Holling resilience as a probability. Consistent with this perspective,
we also conceptualize our orchard’s Holling resilience as a likelihood or a probability. In addition,
we extend the Batabyal and Yoo (2007) analysis by explicitly showing the way in which this Holling
resilience of the orchard under study depends on the number of trees in the orchard that are dead and
hence being replaced. We now turn to the task of computing our stylized orchard’s Holling
resilience.
2.2. Holling resilience of the orchard
Given the description of our stylized orchard in section 2.1, we can number the different trees
in this orchard by

where

Now, we know from theorem 3.4.4 in Ross (1996, p. 115)

and from equation 2.2.2 in Tijms (2003, p. 45) that the limiting or stationary probability, as time
approaches infinity, that the
exists and is equal to

tree is dead and hence being replaced by the manager at time
Given this result, our task now is to compute the Holling
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resilience of the orchard under study. Because this resilience is appositely viewed as a limiting
probability,6

from

a

mathematical

standpoint,

what

we

want

to

compute

is

Now, recall that the sequences of random variables
describing the lifetimes and the replacement times of the various trees in our orchard are
independent of each other. This tells us that

(1)

for

and

Equation (1) describes the probability mass function of a binomial

random variable7 with parameters

and

Therefore, our analysis thus far tells us that the Holling

resilience of the orchard under study can be usefully thought of as being closely related to a
particular binomially distributed random variable.
The reader will note that the orchard under study is as resilient as it can possibly be or
maximally Holling resilient when all the trees in the orchard are healthy and there are no dead trees.
Mathematically, this corresponds to the case in which

Therefore, substituting

in equation

(1) we get
(2)
Equation (2) gives us an upper bound for the Holling resilience of our orchard. In contrast to this
salubrious case, our orchard is minimally Holling resilient when all the trees in this orchard are dead
and hence need to be replaced. Obviously, this corresponds to the opposite case in which
6

See Krebs (1985), Batabyal and Beladi (1999), and Batabyal (2000a, 2000b) for more on this issue.
7

See Ross (1996, p. 16) for more on the binomial random variable.
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Substituting

in equation (1) gives us
(3)

Equation (3) gives us a lower bound for the Holling resilience of our stylized orchard.
Our analysis thus far shows that the Holling resilience of our orchard varies from

to

Further, when the number of dead trees that need to be replaced equals some positive
integer between zero and

we get intermediate values for our orchard’s Holling resilience that lie

somewhere between the two bounds that we have just identified in equations (2) and (3). Inspection
of equation (1) and some thought together tell us that for a given value of the number of trees in the
orchard or

as

decreases (increases),

(decreases). Now, because

decreases (increases), and

increases

we see that in order to increase the Holling resilience of the

orchard under study, the manager of this orchard must take those actions that either raise
mean tree lifetimes, or lower

the mean tree replacement times, or raise

simultaneously. Examples of actions that are likely to raise

and/or lower

the

and lower

include things like

regularly watering trees, fertilizing the soil, and applying pesticides. We now proceed to study some
additional aspects of the limiting behavior of our measure of the Holling resilience of the orchard
as specified in equation (1).
2.3. Additional aspects of the limiting behavior
In our section 2.2 analysis, we studied one kind of limiting behavior of our stylized orchard.
Specifically, we looked at what happened to this orchard when time tended to infinity. Clearly, this
is not the only kind of limiting behavior that one can examine. What we want to study now is a
second kind of limiting behavior in which the number of trees in the orchard or

approaches

infinity. Notionally, we want to analyze the behavior of our orchard when this orchard expands in

8

size so that there now are a very large number of trees. To motivate this scenario, think of a case in
which our orchard manager either buys or acquires through other means large tracts of land
adjoining the orchard presently under study and then converts this new land into an orchard.
In order to analyze the

case meaningfully, let us first allow

equal to a constant that we shall call

so that

remains

In this case, the expanded orchard that we have been

discussing thus far in this section can be closely approximated by the well known

model

from queuing theory.8 Given this finding, we can use equation 1.1.6 in Tijms (2003, p. 9) to
conclude that the limiting or the steady state distribution given in equation (1) becomes a Poisson
distribution with mean

In other words, when the orchard under study expands in size so that

the number of trees in this orchard approaches infinity and the reciprocal of the mean tree lifetimes
approaches zero, the Poisson distribution can be used to well approximate the limiting or the steady
state distribution in equation (1) that delineates the Holling resilience of our orchard. This concludes
our discussion of some additional aspects of the limiting or the steady state behavior of our measure
of the Holling resilience of the orchard as specified in equation (1).
3. Conclusions
In this note, we continued a line of inquiry begun recently by Batabyal and Yoo (2007)
concerning optimal orchard management from a probabilistic standpoint. In particular, we shed
additional light on an orchard’s Holling resilience. We first modeled an orchard as a stochastic
ecological-economic system. Second, we computed this orchard’s Holling resilience in a general
way. Finally, we examined additional aspects of the limiting behavior of our measure of the Holling
8

In the
queuing model, the arrival process is Poisson and hence the interarrival times are exponential or Markovian or
The
cumulative distribution function of the service times is general or
Finally, the number of servers is notionally very large and hence
this feature is modeled with the designation. For textbook accounts of the
model, see Wolff (1989, pp. 75-76) and Tijms
(2003, pp. 9-11).
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resilience of the orchard under study.
The analysis in this note can be extended in a number of directions. Here are two suggestions
for extending the research described here. First, it would be interesting to see whether analytic
expressions for the Holling resilience of an ecological-economic system such as an orchard can be
obtained when the sequences of tree life and replacement times are characterized by random
variables that are not necessarily independently distributed. Second, it would be useful to collect
data from an actual orchard with the aim of operationalizing the Holling resilience measures
proposed in equations (1) through (3). Studies of the optimal management of orchards that
incorporate these Holling resilience related aspects of the problem into the analysis will provide
further insights into a management function that has salient economic and ecological implications.
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